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Abstract The cholesteric liquid crystal (CLC) pitch ana

director orienhtation are obtaihed as the fuhctions of
the anchoring energy W of a director and its pretilt angles

ABI, Aﬁé on the cell orienting surfaces. If the anchoring

ehergy 1s strong ehough, the mohotonic change of the CLC
twisting ability due, for example, to the light—-ihduced
molecular conformational transformations causes jumps of
the CLC pitch and mean values of dielectric susceptibility
tensor <813>' Values of jJjumps of <EiJ) componhents are

determined by anchoring ehergy W and pretilt angles Aﬁi,
Aﬁé that may be used for experimehtal estimations of W,
A8, AS, .

INTRODUCTION

Liquid crystals are often used as cells of various
thicknhess. The cell bouhding planes are properly treated
providing & definite orientation of the director at these
planes as well, as in the cell vaolume if the liquid
crystal 1s hematic 1_3. In cholesteric liquid crystals
(CLC) the director oriehtation 1h a cell depehds oh
twisting ability of cholesteric molecules (or optically
active dopaht) and as a result the director characteristic
spiral twisting with & certain pitch is formed. Usually 1t
doesh’'t make a distihction betweenh pitch values of infihite
CLC and CLC in a cell except for the case of absolutely

rigid anchoring of the director with the cell surfaces. 1In

269
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the last case, as 1t 15 knownh, the whole number of
half-pitches must be located on the cell thicknhess.

In the present work we consider the CLC cells, 1in
which the anchorinhg energy of the director with the cell
boundihg planes 15 fihite, and investigate the influence of
the anchoring energy value as well as nanplanharity of the
airector boundary conditions on the pitch value and the
director orientation i1nh a cell volume. Besides, ohe should
take 1hto account that lohg-lived metastable states of
molecules with conformation different from that of the
1ni1ti1al molecules can be formed ih a liquid crystal under
the action of light of definite {frequency 4_5. Such
phototransfarmed molecules have polarizability, twisting
ability and other physical parameters different from that
of the CLC molecules and canh be considered as light-inhduced
1mpurities . Changing the i1htensity of i1ncident light and,
therefore , the light-induced 1impurity cohcentration ohe
can contral the twisting ability of a cholesteric. It will
be shown that 1n the cell with a sufficienhtly ragid
anchoring of the director with <cell bounding planes a
monotohous change of cholesteric twisting ability can lead
to a discantinuous change of a pitch and the mean values of
components of the CLC dielectric susceptibility tensor. The
relations connecting the value of Jjumps with parameters
characterizing the anchoring energy of the director and its

aori1entation on the cell bounding planes are obtained.

PITCH AND DIRECTOR ORIENTATION IN A CELL

Let's suppose that we have a plane—parallel CLC cell with a
thickhess 2L. We choose the origih of coordinates 1i1nh the
middle of the cell and direct 0Z-axis perpendicular to the

bounding planes. The CLC surface free energy we take as

W S w o 5
F_= ifdsl(del) > fdszmez) s W20 (1)

+ + 4
where d 1s the CLC director, and 91,92* ars the unit

vactars of easy orientation of the director anh the bounding

cell planes. Inh a spherical system of coordinates with
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polar axis along OZ we have e = 4 cosQ&sin{ﬁ, sxn¢hsin@1,
cosﬁl}, d={cos@sint, sin@Ps1nf, cosP.
The CLC volume free enaergy is taken in the form 7

+ +
2% ,2.k_(tdrotd1?y (2)
Po

3 + 5 -+ +
= = +
F,= 5 J'dV(Kl(dxv d)“+ K, (Ldrotd]

3

whete Po 1S the pitch 1h an infinite CLC. Its value 1s
determined by twisting ability of CLC molecules or
optically actaive dopaht.

We consader the vectors of easy orientation are fixed
at the surfaces of the boundihg cell planes anhd ihdepsndent
ot the position of point at these surfaces (but, geherally
speaking, ﬁlﬁﬂé, ¢11¢b ) The angle coordinhates of CLC
director i1h the cell volume depend ohly onh the coordihate
Z: =%z, ¢=@(z). To fi1nd the dependencies P(z>, Piz), one
should minimize the CLC free energy F=FV+F5 over the angles
9 and ¢

After minimization we obtaih the followihg equations

for B(z) and ¢<z»

2
e —s1n2’0(slh2'0 %— - 2% ) a_ _

622 Po az
1 2
-z s1n4ﬂ( gg—) =0 , 3>
2
(sin4ﬁ+ %51h22ﬁ) Q—% +(451n3ﬁcosﬂ+ % s1h4®h Q@_ a _
az az az
2T oy 80
puaih4 —= 0
s1n29 Fe ¥y

o

ana boundary conditions

a8 Pw
5z + (-1 < [cosﬂcosﬂl+51nﬂ51hﬂ1cos(¢rq§)][51nﬁcosﬂl—

- cosﬁs1nfﬁcos(¢k¢h)3=0, (5)
[ a9 _ 2% ]sinz'ﬁ + -1 Y fcosfeas® +
dz Po K 1

+51nﬁsznﬂlcos(¢PQE)Js1nﬂ51nﬂls1n(Qr¢&)=0, (&)

where 1=1,2 and if i=1 one should put Z=-L, 1if 1=2, then
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Z=L. Here for simplicity we also put K1= K2= K3= K

Let us consider the case when the boundary conditions are

close to the plahar ones. Then, supposing that ﬁi = g -
*
Aﬂl o We have Aﬁl«n,Aﬁz«n. Putting for the angle of the
r

director 1n a cell volume, 9 = g -A0, we'll probably have
A% « 1. Taking this i1nto account we linearize Eq.(3), 4)

and obtain

2
M0 _ ATy a0 2 7?
22 - e 22 A'O[ ] =o 8
3z Po az
Solving Eq.(7) we have
PLzr= _%C_ z+C 9)

where p 1s the CLC pitch 1h a cell

Substituting Expr.(9) into Eq.(8) we obtaihs

AB(z)=Bexp (Oz) +Dexp (-Qz) , (10)
172
>
a = 2x 2P 4,
p Po

Here B,C,D are the constants of i1htegration. The values of
these cohnstants as well as the CLC pitch value p canh be
found from the four bouhdary conditions (3) and (6).

First we fihd a pitch p and a cohstant C. For this
purpose we substitute solutions (9),(10) into (&) at i=1,2
and neglect the small terms of the seconhd order with
respect to Aﬂ,Aﬂl,Aﬂé . Considering that the OX-axis 1is
directed so that the sasy orienhtationh vector 31 is 1h the
plane X0Z, i1.e.the angle ¢1=0, and denoting q&=¢b, we

obtain the following system of equations i1nhstead of (6):

2T 27 7] _

” . p—o ! * 3¢ s1n20¢L) <po] = 0 (11>
27 27 w .
_—= - == - 5z sin2P(-L) = 0

]l p po | 2K

Then, taking 1hto accouht (9, we find that
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®
=§g +k %, where k 1is the i1nteger and the pitch p is the
solutioh of the equation

k+1

W AT | gy 2% _ 2%
RSN, P, =¢-1» |p pol 12)

In the general case this equationh should be solved
numerically. Here we consider ohly those cases when the
solution aof Eq.(12) may be presented inh an analytical form.
We denote the nondimensional parameter gh=o and let the
anchoring energy of the director with thé cell surface be
rather small so that for the cell which has the thickness
2L>p0 the condition 0 ¢ 1 is satisfied. In this case a
pitch ih the cell should be close to the pitch po in  an
infinite CLC and then i1n equation (12) we can put 2L

~ ~ P
2L + , where ( ¢ 1. As a result, neglecting small terms ~

Po
2 2
o ,Aﬁl, we obtain

k

p
_ _ 0 47L
P = pollt(-1) 0 —m s1nl —po P, “u3
where p must also satisfy ohe of theé conditions p > 8L or
8L aL . _ 8L 8L
S+4r 2P 3+4r 1f k=2m, and I+4r < P < T1+4r 14

k=2m+13 r=0,1,2,...
If the anchoring energy of the director is relatively

large so that the condition ;Eo >> 1 1s satisfied, then

the value p 1s close to the pitch value pm inh a cell with

absolutely rigid boundary conditions (W = oo ). In this case
substituting 1h equation (12> L. §£ +8 where fa , we
w
abtain
P
1 [r7]
= L1 +—= (1 - —¥)1] (14)
P =Py 0 Po ? 14
4L 7

Here pm = swhere n 1s the whole number of

hal f-pitches of the CLC spiral 1locating on the cell
thickness ahd inh Expr.(12) k=n. In obtaining Expr.(i14)

small terms _ ﬁz, A@f are neglected and for simplicity we
put ¢b=0.
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As pm assumes discrete values mostly close to po then
the fuhctioh p(po) determined by Expr.(14) is
discontihuous. At some critical value po=pgr there occurs a
Jump of a pitch 1h a cell from the value determined by

(14>, 1n which we put p“f gk, to that determined by the

n+l pm n—1

oh the fact whether we i1ncrease or decrease a cholesteric

same expression, but with p“f depending

twisting ability. From the conditionh of contirmnumity of CLC

full free energy we fihd that

cr 8L
Po © Znz1 (13
where the sign + correspaonds to the nxh+1 transition

(with 1nhcreasing the number of half{-pitches locating on the
cell thickness) and the sign '~  corresponds the ngpn-1
transition (with decreasing the number of half-pitches).

In particular, using Expr.(14), ((15) 1t 15 easy to
aobtain the expression faor the anchoring energy W through
the pitch critical values corresponding to the nanitl
transitions. This expression can be used for determihing W
oh the experiment.

To find the cohstants B and D determining the value of
AB(z), we substitute Expr. (9>, (10> 1into boundary
conditions (S) and obtain the following system of two

1hhomogeneous eaquat:i1ons

L-a+ —g—coszQ(—L)Jexp(—GL)B+[G#—g—cosz¢(—L)]exp(GL)D=

W 2 W 2
LQ+—<cos (@(L)~¢b)Jexp(GL)B+[aﬁ§—cos (@(L)—¢b)]exp(—aL)D=

W
= Auz—;cos( ¢(L)—¢%), (16}
where ¢(1L), Q — are determined by formul as (9), 10y,

correspondingly. Solving the system of equatiohs (16) ohe
can obtain the expressions for B and D and, therefore, find

a final expression for Mz,
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Thus, formulas (2),¢10),(12) and (16) determihe a
pitch and orientation of CLC ditrector in the cell. It 1s
seen that with an accuracy to small terms ~ Aﬁf ’ Aﬁ; a
director describes in CLC cell a spiral with a constant
pitch whose value depenhds on the director anchoring ehergy
with the bounding cell planes. The degree of deviation of
the director from the plahe perpendicular to a pitch axis
(the plane X0Y? due to nohplanarity of the boundary
condations depends oh the distance of the CLC poiht to the
cell planes. Let the director anchoring energy be such
that the parameter J¢l or the condition ROyl 1s satisfied,
where n 1s the whole humber of half-pitches locating on the
cell thickhess at absolutely rigid anchoring. Thenh from
(10) and (16) we obtait that the angle ¥(z) characterizihg
the degree of deviation of the director from the plane ¥XO0Y

1s determined by the expression

Ocosm(—L) K
AMiz2r= ———w—————CAﬁlcha(z—L)+(—1) Aﬁécha(z+L)J (17>
oLsh(20L)

were for the case (¢ we have Q=

with ah accuracy to
o

small terms "02 and for the case n30O31 the expression for
1s more complex, but 0 ~ —%.

1f the i1nequality Opn»l 1s satisfied, then neglecting
small terms "-%—A@l, we have for Af(z) the {following
expressioh
1

A%(z)= sh(2aL)>

[~A8, she@z-L)) + (-1 AB_sh(atz+L))> I (18)

From (17) and (18) 1t follows that the degree of
deviation of the CLC director from the X0Y plane, which is
cohditioned by the pretilt of the director at the cell
surface, 1s decreased at the moving away from the orienting

planes ( z,0).

JUMP OF DIELECTRIC SUSCEPTIBILITY TENSOR COMPONENTS

The tensor of CLC dielectric susceptibility cah be written

through the compohenhts aof CLC director in the followihg way7
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Elfs.x.cia + EaclidJ s (19)
Ea=sﬂ- Ej_‘
where sl v Eu —- are the main values of the tensor 813 -

Substituting 1n (21) the director cartesian compohents
we obtain the compohents of the tensor 813 averaged over
the cell thickhess i1h the faorm

<g,, >=E +&_<cos’Mizrcos Pz)>, (20>

+Ea<coszAﬁ(z)s1n2¢(z)>,

<E >=g
“yy %1 2
e = +£ i b

g, > € “a<51" ABc=) >,

L

[

1

h <E. >= =—

where SIJ> TR Eijdz

-L

Substituting expressions for Af(z) and @2z)> found

above i1nto formula (20) it 1s possible tao obtainh the

dependence of the tensor componhents (EiJ> onh the CLC

twisting ability at arbitrary values of the director

anchoring senergy.

We consider the most interesting case of large
anchoring energies when a pitch 1n a cell changes
discontinhuously with changing of CLC twistihg ability.

Wp
Then, assuming that -E—g—ﬁn ’ we should substitute

expressions (2) and (18) ( the latter 1s valid at Ol )
into farmula (20) taking 1hto account the formula (14) far
a prtch ih a cell. As a result it is easily seeh that the

values of <813> components as well as the CLC pitch reveal
cr

the jumps at values of cholesteric twistihg ability P,=Pg

(formula (15)).

The values of the jumps are different for longitudinal
anhd tranhsversal componhents of the <81J> tehsaor and are
daetermihed by the followihg expressians

ACE _>=<C(E (N)>—<E (N+1)I>=<CE (N)>—<CE (nh+l))>=
X X X % X X Yy Yy

2 2
1 1 A'01+A'02
—“Z_Sa( on T T3 — >, 21)
8m

= —_ =(- n -
A<g__> <E  (NI>=CE__(n+1)>=(-1) 4SaA'01A'029xp( M, 22)
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Here < siJ(n) > corresponds to the value of CLC pitch

determinad by formula (14) with p“:—%k. In deriving formula
2
A,

(21) small terms ~ 5 AﬂIAﬂzexp(—ﬂh) are neglected,

A9

—aiexp(—ﬂh) are neglected

o~

in deriving formula (22) terms
and for simplicity we put ¢b=0. One shauld also remember,
that Sa depends on the light—induced impurity concentration
ahd is takeh at such cohcentrationh value, which corresponds
to the CLC twisting abilaty po=pgr.

If the i1nequality n»O»l 1s satisfied then in formulas
(20) one should use Expr. (17) for Y9¢(z). The values of
Jumps are determined by the expressions similar to (21),
(22), but the right-hahd part of the 1latter should be
20 )2
™
As it follows from the above expressions, the jumps in

multiplied by ¢

the values of <SiJ> that appear during the changing of the
CLC twisting ability are result of both the fihitenhess of
the director anchoring energy with the cell bounding planes
ahd the presence of pretilt angles of the director onh these
planes. As the result,. the Jjumps 1nh both lonhgitudinal
(<szz>) and transversal compaonhents (<8xx>, <g »of the
tensor <SIJ> take place even 1f the boundary conditions for
the director are absolutely rigid (0=’ - But 1f the
director orientation on the bounding planes 1s planar
fﬂ=ﬂé= T2 ), then only the jumps of the transversal tensor
compohents take place. Ih this case for arbitrary values of
an 1nteger n (K21, but O ), 1nhstead of expr.(21), we’'ll
have:
Sa(1+2h)

Bonntir (23>

ACE >=AKE >=
®X YY

1f planar boundary conhditions are absolutely rigid ( QO=¢’,
then the averaged dxelectflc susceptibility tensor remains
a continuous fuhctionh of the CLC twistihg ability.

It should be noted that, as follows from Expr.

(21)-(23), the value of <Sij> Jumps decreases as the CLC
twistihg ability increases. Besides, the effects af
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disconhtinuous change of the pitch and <81J> are considered
Wp
above at the condition ——Jl¢$ - If this condition 1s

broken as the CLC thst?ng abi1lity decreases theh the
effect of discontinurty must disappear.

‘hus, the avove expressions for A(Sxx)’ A(Szz) make 1t
possible to estimate the director ahchorinhg energy W and
the values of angles Aﬁl, Aﬂz of the director pretilt onh
the bounhding cell planes using experimental values of jumps
A<811>' Note, that a discontinuous change of the averaged
values <Ell> must appear, for example, in studying the
dependence of CLC cell electrical capacity or phase
retardation of light passing through the cell on intensity
of light initiating the molecular phototransformations. We

also note, that the phenomenon of discontihuous change of

cell slectrical capacity was observed 1h B-
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